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Abstract 

We analyse with the algebraic, regularisation independent, cohomological B.R.S. methods, 
the renormalisability of torsionless N=2 supersymmetric non-linear a models built on 
Kahler spaces. Surprisingly enough with respect to the common wisdom, we obtain an 
anomaly candidate, at least in the compact Ricci-flat case. In the compact homogeneous 
Kahler expected, the anomaly candidate disappears. 
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1 Introduction 

Supersymmetric non-linear cr models in two space time dimensions have been considered for 
many years to describe the vacuum state of superstrings JTJ 0. In particular Calabi-Yau spaces, 
i.e. 6 dimensional compact Kahler Ricci-flat manifolds ||, appear as good candidates in the 
compactification of the 10 dimensional superstring to 4 dimensional flat Minkowski space ; the 
conformal invariance of the 2.d, N = 2 supersymmetric non-linear a model (the fields of which 
are coordinates on this compact manifold) is expected to hold to all orders of perturbation 
theory g. 

However explicit calculations to 4 or 5 loops [||] and, afterwards, general arguments || show 
that the f3 functions may not vanish. But, as argued in my recent review |7]], at least two 
problems obscure these analyses : first, the fact that the quantum theory is not sufficiently 
constrained by the Kahler Ricci-flatness requirement ; second, the use of "dimensional reduc- 
tion" || or of harmonic superspace formalism [| in actual explicit calculations and general 
arguments. Then, we prefer to analyse these models using the B.R.S., algebraic, regularisation 
free cohomological methods. 

So we adress ourselves to the question of the all-order renormalisability of supersymmetric 
(N = 2, 4) non linear a models in two space time dimensions, in the same spirit of what 
we did with the Genova group [11] for the bosonic case. Due to the non-linearity of the 



second supersymmetry transformation in a general field parametrisation (coordinate system on 
the manifold), we shall use a gradation in the number of fields and their derivatives. As in 
|p"Tf , the cohomology of the lowest order B.R.S. operator will give the essential information. 
Leaving to other publications the detailed analysis of the N=2 supersymmetry and the N=4 
case ||12|| , the present letter gives our main results for torsionless compact Kahler Ricci-flat 
manifolds (i.e. special N=2 supersymmetric models) and, surprisingly enough with respect to 
the common wisdom 0, shows that, at least for that case, there exists a possible anomaly for 
global supersymmetry in 2 space-time dimensions. 



2 The classical theory and the Slavnov operator 

As in this letter we shall be concerned in N = 2 supersymmetric non-linear a models in 2.d, we 
may use N = 1 superfields f\ 4> l (x + , x~ , 6 + , 9~) and consequently, in the absence of torsion , the 
most general N = 1 invariant action is : 



ginv. = J d 2 xd 2 6 gi] [(j)\D + (ljD_i 



1 The regularisation through dimensional reduction suffers from algebric inconsistencies and the quantization 
in harmonic superspace does not rely on firm basis, due to the presence of non-local singularities ( in the harmonic 
superspace) |io| . 

2 Notice also that recent works of Brandt and Dixon |l4) show the existence of new non-trivial coho- 
mologies in supersymmetric theories. 



3 The quantization with N = 1 superfields was put on firm basis by Piguet and Rouet |15 who proved in 
particular the Quantum Action Principle in that context. Moreover, in [fl2|a) we show the renormalisability of 
N=l supersymmetric non-linear a models using component fields : this justifies the use of N=l superfields for 
the present analysis of extended supersymmetry. 
Notice also that we use light-cone coordinates. 
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where the supersymmetric covariant derivatives 





satisfy 



{D + ,D_} = 



+ i9 



± 







Dl 



dx ± 

. d 

dx ± 



= id-i 



The tensor gij[4>] is interpreted as a metric tensor on a Riemannian manifold M. PI. As is by 
now well known |17]], N = 2 supersymmetry needs A4 to be a 2n dimensional Kahler manifold, 
i.e. there should exist a covariantly constant complex structure Jj[4>] : 



si 



V fc J! 







. k = l,2,....2n 
and the metric has to be hermitian with respect to the complex structure : 

9kiJ l n + Jk9ln = . 

The second supersymmetry transformation writes : 

Sfi = J i j [(f>}(e + D + ^> + e~D^) . (2) 

In the B.R.S. approach, the supersymmetry parameters e are promoted to constant, com- 
muting Faddeev-Popov parameters d and an anticommuting classical source rji for the non- 
linear field transformation (0) is introduced in the classical action R: 



r cw = f d 2 xd 2 6 {g.^c^D^ + Vl J t j [(f)}{d + D + (j) 3 + d-D^ 1 )} . 



(3) 



For simplicity, no mass term is added here as we are only interested in U.V. properties. The 
non linear Slavnov operator is defined by 

5T 5T 



ST = / d 2 xd 2 6 



5r]i(x,9) 5^(x,9) 



and we find 



ST dass. = (d+) 2 J d 2 xd 2 9n k id ++ (f> k + {d-f J d 2 xd 2 9n k id^ 



in accordance with the supersymmetry algebra. 

As is by now well known (for example see or in the absence of a consistent regular- 
isation that respects all the symmetries of the theory, the quantum analysis directly depends 
on the cohomology of the nihilpotent linearized Slavnov operator : 



Si 



si 



d 2 xd 2 9 



5T 



class. 



s 



5T 



class. 
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5rji(x, 9) 5ft(x, 9) 5<jfi(x, 9) Stj^x, 9) 







(4) 



4 Here, contrarily to our previous work where the manifold M was supposed to be an homogeneous space |TjJ , 
we consider renormalisability "d la Friedan " p^ |, i.e. in the space of metrics, and analyse only the possibility 
of maintaining to all orders the N=2 supersymmetry. As explained in 0, in order to define unambiguously the 
classical action, one should add extra properties. 

5 In the absence of torsion, there is a parity invariance 



,d 2 x -> d 2 x,d 2 e -> -d 2 6,cf> 1 <f 



-Vi 



Moreover, the canonical dimensions of [d 2 xd 2 9] 1 [4> % \, [d ± ] 1 [D±], [rji] are -1, 0, -1/2, +1/2, +1 respectively and 
the Faddeev-Popov assignments + 1 for d^, -1 for rji, for the other quantities. 
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in the Faddeev- Popov charge +1 sector [absence of anomalies for the N = 2 supersymmetry] 
and sector [number of physical parameters and stability of the classical action through renor- 
malization]. Notice that the Slavnov operator (f|) is unchanged under the following field and 
source reparametrisations : 

^ _ 0i + XW^} , m^Vi- *VkW k M , (5) 

where W™[0] is an arbitrary function of the fields cf>(x,9) and a comma indicates a derivative 
with respect to the field (p l . Under this change, the classical action ([3]) is modified 

T class. ^ T dass. + ^ f d 2 xd 2 O^W^} ; ( 6 ) 

but the Slavnov identity is left unchanged as 

s[r dass - + xs l a] = sr class - + xs L [s L A] = sr class - . 



3 B.R.S. cohomology of Sl 

Due to the highly non-linear character of Sl (equ. (£D), it is convenient to use a "filtration" 
([0,[jrTJ) with respect to the number of fields <p l (x,6) and their derivatives. As it does not 
change this number, the nihilpotent lowest order part of Sl, Si will play a special role : : 

s L = sl + sl + s 2 L + ... = s° L + s r L , (s° L r = (si) 2 = s° L s r L + sr L s° L = o 

S° L = j ' d 2 xd 2 6. ])($){ (d + D + <p + d-D^)^- + (d + D +Vl + d~D^ Vi )^-\ . (7) 
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As explained in refs. [0] and ||12||a), when Si has no cohomology in the Faddeev-Popov positively 



charged sectors, the cohomology of the complete Sl operator in the Faddeev-Popov sectors of 
charge and +1 is isomorphic to a subspace^of the one of Si in the same sectors. 
We now analyse the cohomology of S'£. 

3.1 cohomology 

Due to dimensions and Faddeev-Popov charge assignments, dimension zero integrated local 
polynomials in the Faddeev-Popov parameters, fields, sources and their derivatives have at 
least a Faddeev-Popov charge -1 : 



A t _i] = J d 2 xd 2 9 Vi V i [<P] 



Then there is no Faddeev-Popov charge -1 coboundaries, so the cohomology of Si in that sector 
is given by the cocycle condition : 

s£A hl] = o & j*(o)v} = J* (o)yj (9) 



6 In particular, the cohomology of S£ in the Faddeev-Popov -1 sector restricts the dimension of the coho- 
mology of Sl in the charge sector when compared to the one of 5£. 
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This condition, when expressed in a coordinate system adapted to the complex structure Jj[4>] 
(Jg = iSp,Jjj = —i5p,Jp — J| = 0), means that V l [(p] is a contravariant analytic vector : 

V a = V a [<p% V s = V™[$\. 



Let us now turn to the Faddeev-Popov neutral charge sector : 

A [0] = J d 2 xd 2 6 [t^D+^D^ + TnU^id+D+ft + dTD-ft)} (10) 

where is symmetric, due to parity invariance (footnote 5). Coboundaries being given by 
S\ A [_x] [arbitrary V l ((/))}, the analysis of the cocycle condition 5°A[ ] = gives 

A [0] = Af o ]-[^(0)] + ^A hl] [r(0)] (11) 

where the tensor tij which occurs in the anomalous part 

AfoTM = / dPxrfeuAflD+PD-P (12) 

is constrained by : 

a) JjWtik + tjiJUO) =0, 

b) Jp^-t^kl-U^k) =0. (13) 

The absence of source dependent non-trivial cohomology means that, up to a field redefinition 
(compare to equations the complex structure Jj is left unchanged through radiative 

corrections. Moreover, using the same adapted coordinate system as above, condition (TJ~5|a) 
means that the metric + htij remains hermitian, whereas (|T3]b) expresses the covariant 
constancy of Jj with respect to the covariant derivative with a connexion corresponding to the 
metric + hty. These are precisely the expected conditions. 



Finally, let us consider the Faddeev-Popov charge +1 sector : 

A [+ i] = j d 2 xd 2 e{t^ k \d+y{d-) 2 r li r 1 jr ]k 

+ d + d-r] i s i l j \d + D + r] ] - d~D_r}j) 

+ {d + ) 2 {n n tl M D + 4> l D + 4P + D + 7HD + <fPf Aj ) 

+ (d-) 2 ( Vn ^ M D.fD^ + D-THD-fit^) 

+ d + {t [lj]n D + ct> l D + 4PD^ n + s 2 wD-D+pD+tf) 

- d-^D^D^D+r + s 2 {m D + D_<p i D^)} (14) 



where, due to the anticommuting properties of rji and D±(fi l and to the integration by parts 



freedom, the tensors t^ k \ t^l, ^fal' ^3[m'1> %7> are antisymmetric in i, j, k, and s 2 (ij) 



symmetric in i, j. 
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Coboundaries being given by Si A[ ] [arbitrary ((f)), Uj((f))], the analysis of the cocycle condition 
S£A[ + i] = leads to : 

A [+1] = Af-, [i« k \4>)\ + S° L A [0] Uj(4)] (15) 

where the antisymmetric tensor t^ k \(j)) which occurs in the anomalous part 

Ajft = J d 2 xd 2 9t^ k \<f ) )(d + ) 2 (d-)\ m (16) 

is constrained by : 

a) j;(o)^' fe ] is i, j, k antisymmetric, 

b) 4(0)t^* ] = ^(0)t [ f 1 (17) 



Using the same adapted coordinate system as above, condition fll7|a) means that the tensor 
is a pure contravariant antisymmetric tensor (i.e. t^ a/3l \ t^- a/3 ^ ^ , the other components 
vanish) whereas (|l7|b) means that it is analytic (i.e. t [a ^ ] = t [a/3rf] (</> s ) , = t^(<j) E )). In 

particular, due to the vanishing of t^- 01 ^, such tensor cannot be a candidate for a torsion tensor 



on a Kahler manifold [19 



Consider the covariant tensor 



'[a/37] ~~ 9aa9pp9~n 

It satisfies VsMo^y] = . Then the (3-0) form 

J = —t [afh] d(t) a A dtp A df 

which satisfies d'to' = 0, may be shown to be harmonic if j\A is a compact manifold fl (|21||, [|l"2][ b)). 
It is known that the number of such forms is given by the Hodge number h 3,0 : then this number 
determines an upper bound for the dimension of the cohomology space of Sl in the anomaly 
sector. 

As a first result, this proves that if the manifold M. has a complex dimension smaller than 
3, there is no anomaly candidate. Another special case is the compact Kahler homogeneous 
one ( N=2 supersymmetric extension of our previous work on the bosonic case [O]) : in such 
a case the Ricci tensor is positive definite pTJ which forbids (pl|)[^2|b)) the existence of such 



analytic tensor t^ a/3 ^((j) 5 ). As a consequence, the cohomology of Si - and then of Sl - vanishes 
in the anomaly sector (for details, see ref.|12|b)). 



We are now in a position to discuss the cohomology of the complete Sl = Si + S r L operator. 

7 In this Kahlerian case, one firstly obtains from \7st[ a f3-y] — , Air ai g 7 ] = g ss V 'gti a p 7 ] — [R-aMsPi] + 
perms. ] ; on another hand, the Ricci identity gives g ss Vs^ st[a(3-y] — ~ [Rat[sp-y] + perms. ]. So Air Q/ g 7 ] = 
2g ss \7s^'st[af3'y}- Now, the manifold being compact, one may compute : 

(da/, du') + (&/, Su') = (uj\ (dS + Sd)w') = (u', Aw') = 

da2t^g s ' s V 5 V- s t [a ^ ] = / da2g sS {X7 s V s (t^k [afjj] ) - Vtf^Vjt^]} = - 2(dw' , du;') 
m Jm 

=> (Su', Su>') + 3(du', du') = => 5lj' = duo' = Aw' = . Q.E.D. 
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3.2 Sl cohomology 

Thanks to the simplicity of Ar_i] ,the cohomology of the complete Sl operator in the Faddeev- 
Popov charge -1 sector is easily obtained : the vector V l [(f)] should satisfy : 

r 5S inv ' 

• J d 2 xd 2 9j-j—^ — — V l [(j)(x, 9)] = <t=> V % [4>} is a Killing vector for the metric g^] . 
• Jj[(f)}ViV k = VjV % Ji[4>] V % [4>] is a contravariant vector, analytic with respect to J-[0] . 



Consider now the Faddeev- Popov neutral charge sector. We shall prove that, despite the non- 
vanishing (9° cohomology in a Faddev-Popov positively charged sector (16), the cohomology of 



Sl is a subspace of the one of S®, i.e. that one can always construct the cocycles for Si starting 
from those of S^. Indeed, notice that S^A™ contains at most one source T)i ; then it cannot 
intercept AS,, the cohomology of S® in the anomaly sector. As a consequence (|TT|,[T2ja)), 
there will be no obstruction in the construction of the cocycles of Sl starting from those of S^.Q 
It may however happen that some of the so doing constructed cocycles for Sl become 
coboundaries : this occurs when there is some cohomology for 5° in the Faddeev-Popov charge 
-1 sector (||12||a), p2| ). We have previously seen that this relies on the existence of Killing vectors 
for the metric gij [</>]; this is natural as such vectors signal extra isometries that constrain the 
invariant action (|T|) or equivalently, signal the non physically relevant character of some of the 

8 Let us sketch the proof. Under the filtration, 

S L § S° L + Sl + Sl + .. A [0] ( B A* 0] + Af 0] + Af 0] + ... 
The cocycle condition SlAm = gives, using (O) : 

S° L A\ 0] = =► Af 0] = S£Af_ x] . 

At the next step, 

S° L Af 0] + SlA\ 0] = S° L [Af 0] - SlA 1 ^] = => Af 0] = Ajgf 2 + S° L Af_ x] + Sltf_ ±] . 
At the next step, 

Sl Af 0] + SiAf 0] + S 2 L Aj 0] = => S° L [Af 0] - S\A\_^ - S\A\_^ + SlAffi 2 = 
where we have used 5£5£ 4- S^S^ + S\S^[ = 0. The last equation implies, using ( fL5| ) 

an. 2\ _ r> _v q1 a an. 2 a an. 3 _■_ qO a3 

k[ ] J — U =^ ^l^[0] — ^[+1] + D L^[0] 

an . '. 

k [+i] 

Sg[Af 0] + Af 0] - SlA 1 ^ - SlAf^} = 

so that, using ( |ll| ) 

a 3 _ _ X3 , n2 a1 i ol a 2 I o0a3 , a an. 3 
^[0] - ^[0] + a L ZS [-l] + + ^i^I-l] + ^[0] • 

Finally, up to that order, 

A [ o]|3 = -A [ o]|3 + (5iA [ _i])|3 + A^-| 3 . e.t.c. ... Q.E.D. 



but, thanks to the upper remark, the anomalous term A?™', 3 cannot appear here, and finally we get 
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parameters of the classical action that may be reabsorbed through a conveniently chosen field 
and source reparametrisation ||11|| . Up to this restriction, the cohomology in the Faddeev- Popov 
neutral sector is then characterized by a symmetric tensor [4>] such that g[- = g^ + Tity is a 
metric, hermitian with respect to the very f] complex structure Jj we started from, and such 
that Jj is covariantly constant with respect to the covariant derivative with connexion rf -fg^J. 
This is the necessary stability of the theory which ensures that, at a given perturbative order 
where the Slavnov identity holds ( absence of anomaly up to this order), the U.V. divergences 
in the Green functions may be compensated-for through the usual renormalisation algorithm 
and normalisation conditions J7|. Of course, the trivial cohomology S^Ai-i] [^ l (0)] corresponds 
to field and source reparametrisations according to (]§,§). 



Let us finally study the Faddeev-Popov charge +1 sector. As in this letter we restrict ourselves 
to compact Kahler Ricci-flat manifolds, if the Hodge number /i( 3 >°) = M ' 3 ) does not vanish, we 
have a true anomaly candidate. Starting from the cohomology flT5| ) : 



Af+i] = J d 2 xd 2 6t^ k \<j ) ]{d + )\d-fr ]i r ]j r lk , 
we were able to construct the Sl cohomology in the same Faddeev-Popov sector ([0b)) : 
ASi = / ' d 2 xd%t^[<j>]{(d + )\d-)\ Vj r) k 



- h+d-^J^d+D+r - d-D^ n ) + 2 m J jn J hm D + cj> n D^ m ) 

+ ^J m J jm Jki(d + D +( j) n D +( p m D^ 1 - d'D^D^D+cj) 1 )} 

+ t [nm]l (d^D + <f> n D + <f> m D.(f> 1 - d-D^D-^D+cf) 1 )} (18) 

where fei is related to £^[0] through (in complex coordinates) : 

t[ a p]i, 7^ 0) the other vanish ; 

7 = — -^[^[gaag ppK t^ a ^] where K is the Kahler potential . 

As a consequence, if at a given pertubative order this anomaly appears with a non zero coeffi- 
cient 

SL^\ p th order = a(h) p A^, a^O 

the N = 2 supersymmetry is broken as Af 1 ™^ cannot be reabsorbed (being a cohomology element, 

it is not a SxAp] ) and, a priori, we are no longer able to analyse the structure of the U.V. 
divergences at the next perturbative order, which is the death of the theory. 



9 As previously mentionned (subsection 3.1), a reparametrisation of the sources and fields has been used to 
compensate for the change t/j [</>] in the original complex structure Jj . 
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4 Concluding remarks 

In this letter we have analysed the cohomology of the B.R.S. operator associated to N = 2 
super symmetry in a N = 1 superfield formalism. We have found an anomaly candidate for 
torsionless models built on compact Kahler Ricci-flat target spaces with a non vanishing Hodge 
number h 3,0 = /i 0,3 . Calabi-Yau manifolds (3 complex dimensional case) where /i 3 ' = 1 || are 
interesting examples Q due to their possible relevance for supertring theories. Of course, as no 
explicit metric is at hand, one can hardly compute the anomaly coefficient. 

This anomaly in global extended supersymmetry is a surprise with respect to common 



wisdom [^3J ( but see other unexpected cohomologies in supersymmetric theories, in the recent 
works of Brandt [13] and Dixon |T4]| ) and the fact that if we have chosen, from the very 



beginning, a coordinate system adapted to the complex structure, the second supersymmetry 
will be linear and there will be no need for sources r\i . However, as known from chiral symmetry, 
even a linearly realised transformation can lead to anomalies ; moreover, here the linear susy 
transformations do not correspond to an ordinary group but rather to a supergroup where, 
contrarily to ordinary compact groups no general theorems exists : then there is no obvious 
contradiction. This emphasizes the special structure of the supersymmetry algebra. 

Of course, our analysis casts some doubts on the validity of the previous claims on U.V. 
properties of N=2 supersymmetric non linear a models : there, the possible occurence at 
4-loops order of (infinite) counterterms non-vanishing on-shell, even for Kahler Ricci-flat man- 
ifolds, did not " disturb" the complex structure ; on the other hand, we have found a possible 
" instability" of the second supersymmetry, which confirms that there are some difficulties in 
the regularisation of supersymmetry by dimensional reduction assumed as well in explicit per- 
turbative calculations than in finiteness "proofs" Q or higher order counterterms analysis 
||. We would like to emphasize the difference between Faddeev- Popov charge cohomology 
which describes the stability of the classical action against radiative corrections ( the usual 
"infinite" counterterms) and which offers no surprise, and the anomaly sector which describes 
the "stability" of the symmetry ( the finite renormalisations which are needed, in presence of a 
regularisation that does not respect the symmetries of the theory, to restore the Ward identities) 
: of course, when at a given perturbative order the Slavnov (or Ward) identities are spoiled, at 
the next order, the analysis of the structure of the divergences is no longer under control. In 
particular, the Calabi-Yau uniqueness theorem for the metric EM supposes that one stays in 



the same cohomology class for the Kahler form, a fact which is not certain in the absence of a 
regularisation that respects the N=2 supersymmetry (the possible anomaly we found expresses 
the impossibility to find a regularisation that respects all the symmetries of these theories). 

Of course, if one has added from the very beginning extra geometrical (or physical !) con- 
straints that would fix the classical action, we bet that our anomaly candidate would disappear: 
as previously mentioned, this is the case when the manifold is a compact homogeneous Kahler 
space ; moreover we have also been able to prove that, if one enforces N=4 supersymmetry 
(Hyper Kahler manifolds), there is no possible tensor £^[0] and then no anomaly ([0b)). 
Our final conjecture is that the requirement of conformal invariance of the theory would be 
sufficient to rule out a possible anomaly. We hope to be able to report on that subject in a 
near future. 



10 As det ||<?|| = 1, a representative of ^- a ^ is the constant antisymmetric tensor el Q ' 3 T]( with e 123 = +1). 

11 In the appendix A of ref. JTT[ , it is proven that any linearly realised symmetry corresponding to a compact 
group of transformations can be implemented to all orders of perturbation theory. 
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